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We propose a new method for optomechanical quantum non-demolition (QND) detection of
phonon number, based on a “shelving” style measurement. The scheme uses a two-mode optome-
chanical system where the frequency splitting of the two photonic modes is near-resonant with the
mechanical frequency. The combination of a strong optical drive and the underlying nonlinear op-
tomechanical interaction gives rise to spin-like dynamics which facilitate the measurement. This
approach allows phonon number measurement to be accomplished parametrically faster than in
other schemes which are restricted to weak driving. The ultimate power of the scheme is controlled
by the size of the single photon optomechanical cooperativity.
I. INTRODUCTION
Quantum optomechanical systems, where photons in-
teract with mechanical motion, have been the recent sub-
ject of intense experimental and theoretical activity [1].
They have enabled the exploration of a wide range of ef-
fects, including the cooling of macroscopical mechanical
modes to near their quantum ground states [2–4] and the
generation of squeezed states of light [5–7] and mechani-
cal motion [8–10].
A key unrealized goal in optomechanics is the quan-
tum non-demolition (QND) measurement of mechani-
cal phonon number, something that would directly re-
veal the energy quantization of the mechanics [11, 12].
The most promising proposals involve optomechanical
systems where a single mechanical resonator couples to
two photonic modes, as depicted schematically in Fig. 1a.
Such systems can in principle be used for phonon-number
detection both in the regime where the mechanical fre-
quency is much smaller than the splitting between the op-
tical modes [13–17], and in the regime where it is compa-
rable to this splitting [18–20]. Two-cavity optomechan-
ical systems have been realized experimentally using a
variety of platforms [13, 21, 22].
In this work, we revisit the two-mode system of Fig. 1a,
and focus on the regime where the mechanics are almost
resonant with the frequency difference of the photonic
modes, and where one photonic mode is strongly driven.
This strong drive generates a coherent, many-photon op-
tomechanical interaction which cannot be treated pertur-
batively. We show that this regime allows a new approach
to phonon number measurement, one which offers ad-
vantages over previous proposals (namely a much faster
measurement). The regime we study differs from that
of Ludwig et al. [18], who considered more non-resonant
interactions and weak driving, such that a pertubative
treatment was possible. It also contrasts from the work
of Ko´ma´r et al. [19], who considered a perfectly resonant
system and weak optical driving, but did not consider
phonon number measurement physics.
Our measurement scheme is sketched in Fig. 1b, and
is conceptually similar to the highly successful electron
shelving technique used in trapped-ion systems [23–25],
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FIG. 1. (a) Schematic of the driven two-cavity optomechani-
cal system described by Eqs. (1) to (4). Two photonic modes
(cˆ±) are coupled nonlinearly to a mechanical mode bˆ (ampli-
tude g). In addition, a strong drive on the primary cˆ+ mode
realizes a beam-splitter interaction between bˆ and cˆ− (am-
plitude G). κ± denote the photonic mode damping rates, γ
the mechanical damping rate. (b) Schematic of measurement
scheme. G causes excitations to oscillate between the me-
chanics and the auxiliary cˆ− mode. The nonlinear interaction
converts a cˆ− photon into a phonon and a cˆ+ photon; this
photon is then detected. The scheme allows a QND measure-
ment of Nˆtot = cˆ
†
−cˆ− + bˆ
†bˆ, and thus QND measurement of
the initial phonon number.
as explained in Appendix A. The measurement starts
by turning on the strong optical drive on the “pri-
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2mary” mode. This induces coherent oscillations between
phonons and photons in the undriven “auxiliary” mode,
oscillations which necessarily conserve the total number
Nˆtot of aux-mode and mechanical excitations. The re-
maining nonlinear interaction then allows one to use the
output field of the driven optical mode to measure Nˆtot
without changing its value - a true QND measurement.
This is then effectively a measurement of mechanical
phonon number, as without spurious dissipative effects,
Nˆtot is simply equal to the initial phonon number.
As with other schemes, our approach still requires a
relatively strong single-photon optomechanical coupling
(i.e. it must be large compared to the geometric mean of
the two photonic damping rates) to resolve mechanical
Fock states. However, it allows measurement rates that
are parametrically larger than the perturbative regime
considered in Ref. 18, or in the adiabatic regime of a
position-squared measurement considered in Ref. 13–15.
This faster rate could be of significant utility in new ex-
perimental designs of two-cavity optomechanical systems
where one photonic mode is explicitly engineered to have
extremely low dissipation [21, 22]. In such systems, the
ultimate limit to Fock state detection comes from the re-
quirement that the measurement rate be faster than the
heating rate of the mechanics due to their intrinsic dissi-
pation. As we show, the relevant parameter controlling
the utility of our scheme in this limit is the single-photon
cooperativity [26],
The remainder of the paper is arranged as follows. In
Section II we introduce the theoretical model of our two-
mode optomechanical system, and discuss the parameter
regime of interest. In Section III we introduce a mapping
to an effective spin system that provides a convenient way
to describe the system dynamics; we focus here on the
ideal case where the only dissipation is due to the cou-
pling to the input/output port used for the measurement.
In Section IV we discuss the measurement protocol. Fi-
nally, in Section V we study the effects of the unwanted
dissipation both in the aux mode and in the mechanics,
and the limits that they impose on QND measurement.
II. MODEL
The optomechanical system of interest (c.f. Fig. 1a)
consists of two photonic modes and a single mechanical
mode. Its coherent dynamics is described by the Hamil-
tonian
HˆS = Hˆopt + Hˆm + Hˆint. (1)
The first term describes the two photonc eigenmodes in
the absence of optomechanical coupling, and is (~ = 1
throughout)
Hˆopt = (ωc − J)aˆ†+aˆ+ + (ωc + J)aˆ†−aˆ−, (2)
where aˆ± are annihilation operators for the two photonic
modes (frequencies ωc − J and ωc + J respectively). We
call these the primary (aˆ+) and auxiliary (aˆ−) modes.
The second term in Eq. (1) describes a mechanical
mode with frequency ωm and annihilation operator bˆ:
Hˆm = ωmbˆ
†bˆ = (2J − δΩ)bˆ†bˆ. (3)
We have introduced the parameter δΩ = 2J − ωm which
represents the mismatch between the photonic mode
splitting and the mechanical frequency. Similar to ref-
erence [18], we will be interested in the regime where the
mechanical frequency is similar in magnitude to 2J , and
hence |δΩ|  J .
Finally, the last term in Eq. (1) describes the op-
tomechanical coupling, which takes the form of a
mechanically-mediated tunneling interaction between the
two modes:
Hˆint = −g
(
bˆ+ bˆ†
)(
aˆ†−aˆ+ + aˆ
†
+aˆ−
)
, (4)
where g is the single-photon optomechanical coupling
amplitude. For the specific case of a membrane-in-
the-middle style optomechanical system [13], a detailed
derivation of this model is given in Refs. 14 and 27; its
limitations are discussed in Refs. 27 and 28.
We next use a standard treatment to describe the ef-
fects of dissipation on the system [29, 30]. We assume
that each optical mode is coupled to an independent zero-
temperature Markovian reservoir, giving rise to an am-
plitude damping rate of κ±/2 for aˆ±, respectively. The
mechanics are similarly coupled to a thermal Markovian
reservoir characterized by a thermal occupancy nth, lead-
ing to an amplitude damping rate of γ/2 for bˆ. Note
that for a membrane-in-the-middle type system, treating
the optical modes as seeing independent reservoirs can
be problematic [17], as it neglects a possible dissipation-
induced coupling of the optical normal modes. Such a
coupling will not play a role in our scheme, as it is sup-
pressed by the optical mode splitting 2J , while the main
optomechanical coupling is resonant.
Our measurement scheme will involve applying a
strong coherent drive to the primary, aˆ+, mode near its
resonance frequency ωc−J . For simplicity, we assume the
case of a perfectly resonant drive, as qualitatively similar
results are obtained for a detuned drive. In this case,
it is useful to move to a rotating frame, and also make
a standard displacement transformation on the optical
modes:
aˆ− → e−i(ωc+J−δΩ/2)tcˆ−, bˆ→ e−i(ωm+δΩ/2)tbˆ,
aˆ+ → e−i(ωc−J)t(〈aˆ+〉g=0 + cˆ+), G = g〈aˆ+〉g=0.
(5)
Here, 〈aˆ+〉g=0 is average primary-mode amplitude in-
duced by the drive in the absence of optomechanical cou-
pling, and cˆ+ is the displaced annihilation operator for
this mode in the rotating frame.
In this frame we find HˆS = Hˆeff + HˆNR where
Hˆeff =
δΩ
2
(
cˆ†−cˆ− − bˆ†bˆ
)−G(cˆ†−bˆ+ bˆ†cˆ−)
− g(bˆ†cˆ†+cˆ− + cˆ†−cˆ+bˆ) (6)
HˆNR = −ei(4J−δΩ)tbˆ†cˆ†−
(
G+ gcˆ+
)
+ h. c. (7)
3Finally, we assume that the optical mode gap 2J is
sufficiently large that we can safely make a rotating
wave approximation and drop the non-resonant inter-
actions described by HˆNR. This requires in practice
J  |δΩ|, G, g, κ+. We are left with the interactions
depicted in Fig. 1a: a beam splitter interaction between
the mechanics and the auxiliary mode, and a nonlinear
interaction involving all three modes.
Note that in the absence of driving, i.e. G = 0, the
photonic modes are only driven by vacuum noise, and
the nonlinear optomechanical interaction in Eq. (6) effec-
tively vanishes. Therefore, without driving the mechanics
are completely decoupled from the photonic modes. We
imagine that before the measurement is turned on by
driving the primary photonic mode, the mechanics are
first prepared close to the ground state, e.g. via stan-
dard cavity cooling techniques. The scheme we describe
in what follows then allows one to measure the mechan-
ical phonon number.
III. DYNAMICS AND EFFECTIVE SPIN
DESCRIPTION
A. Conserved excitation number
The nonlinear interaction in Eq. (6) has the form of a
standard three-wave mixing Hamiltonian, describing e.g.
a non-degenerate parametric amplifier with a dynamical
pump mode. It has three conserved excitation numbers
(typically known as Manley-Rowe constants of motion
[32]) reflecting the SU(1) and SU(1,1) symmetries of the
interaction. Including the beam-splitter interaction re-
duces the symmetry of the Hamiltonian, and Hˆeff has
only a single conserved excitation number Nˆtot:
Nˆtot = bˆ
†bˆ+ cˆ†−cˆ−,
[
Nˆtot, Hˆeff
]
= 0 (8)
Note that as Nˆtot is independent of the primary mode, it
continues to be conserved even if this mode is damped.
In what follows, we first analyze the ideal case where
the only dissipation in the system is due to its coupling
to the input-output port used for the measurement. This
corresponds to κ+ 6= 0, while γ = κ− ' 0. Starting
with this limit will let us present a clear picture of how
our proposed phonon number measurement operates: the
conservation of Nˆtot in this limit is at the heart of the
shelving scheme depicted in Fig. 1b. In this ideal case,
we find it is always possible to determine the initial me-
chanical phonon number by simply measuring for long
enough; this is akin to standard shelving measurements.
The regime κ+  γ, κ− is also relevant experimentally.
While mechanical damping rates γ are typically orders
of magnitude smaller than photonic damping rates, it
might first seem surprising that one could achieve κ− 
κ+. However, recent experiments with microwave-circuit
optomechanics have achieved precisely this kind of regime
through clever experimental design.
We analyze the effects of non-zero γ, κ− in Section IV.
As expected, they limit the maximum possible measure-
ment time, putting constraints on whether phonon num-
ber detection is achievable.
B. Mapping to an effective spin system
To understand the dynamics of our system, it is helpful
to make the conservation of Nˆtot explicit by representing
the mechanical and aux-modes by an effective spin (a
Schwinger boson representation in reverse). We thus in-
troduce the effective (dimensionless) angular momentum
operators Jˆ via
Jˆ+ = bˆ
†cˆ− Jˆ− = cˆ
†
−bˆ
Jˆ± ≡ Jˆx ± iJˆy Jˆz = 12
(
bˆ†bˆ− cˆ†−cˆ−
)
.
(9)
These operators satisfy standard angular momentum
commutation relations. A direct calculation shows:
Jˆ2 =
Nˆtot
2
(
Nˆtot
2
+ 1
)
. (10)
The conservation of Nˆtot now just corresponds to our
effective spin having a fixed length.
With these operators, the effective Hamiltonian is
Hˆeff = −B · Jˆ − g
(
Jˆ−cˆ+ + cˆ
†
+Jˆ+
)
. (11)
where the effective magnetic field is
B = 2Gex + δΩez ≡ BeB (12)
with ex, ey, ez the unit vectors in the respective direc-
tions. As the cˆ+ mode is damped, we see that Hˆeff
takes the form of a generalized spin-boson model. The
quadratic terms in the original version of Hˆeff now corre-
spond to a Zeeman field on our spin. The order g nonlin-
ear term in Hˆeff now corresponds to a system-bath cou-
pling where a bath boson can be created while adding
angular momentum in the z direction to the spin.
The Heisenberg-Langevin equations of motion take the
form
˙ˆc+ = −κ+2 cˆ+ +
√
κ+cˆin + igJˆ+ (13)
˙ˆJ = Jˆ ×
(
B + g
[
e−cˆ+ + e+cˆ
†
+
])
(14)
where e± = ex ± iey. The operator cˆin describes the
vacuum fluctuations entering the system from the input-
output line coupled to the principal + mode (i.e. from
the input-output waveguide that will be used for mea-
surement); it has zero mean and correlation functions
〈cˆ†in(t)cˆin(t′)〉 = 0 〈cˆin(t)cˆ†in(t′)〉 = δ(t− t′). (15)
When the optomechanical drive is initially turned on,
Nˆtot = nˆb, where nˆb ≡ bˆ†bˆ is the initial mechanical
4TABLE I. Summary of the spin formalism
Spin term Optomechanical Equivalent
Jˆz
bˆ† bˆ−cˆ†−cˆ−
2
The z-projection of the effective spin
represents the difference between the
number of phonons and number of
aux-mode quanta.Jˆ+, Jˆ− bˆ
†cˆ−, cˆ
†
−bˆ
Bx 2G The many-photon optomechanical in-
teraction G exchanges photons and
phonons, and hence acts like a mag-
netic field in ex direction.
Bz δΩ The mismatch between the photonic
mode splitting and the mechanical fre-
quency acts as an ez field.
phonon number. From Eq. (10), we see that the phonon
number manifests itself in the dynamics by directly set-
ting the size of the effective spin Jˆ . The nonlinear in-
teraction creates photons in the principal mode cˆ+ in a
way that depends on Jˆ±, and hence on the magnitude of
Jˆ . Thus, by monitoring the output field from this mode,
one can determine the initial phonon number. We stress
that the “backaction” from the this measurement only
alters the direction our effective spin points in, but not
its size. The measurement is thus QND.
For easy reference, a synopsis of the mapping from
bosons to spins is provided in Table I.
C. Dynamics in the limit g  κ+
We consider the system dynamics in the typical to ex-
periment, κ+  g. We begin by solving Eq. (13) to find
cˆ+(t) = e
− 12κ+tcˆ(0) + ζˆ(t)
+ ig
∫ t
0
dτ e−
1
2κ+τ Jˆ+(t− τ).
(16)
where ζˆ(t) =
√
κ
∫ t
0
dτ e−
1
2κ+(t−τ)cˆin(τ).
We see that cˆ+(t) depends on the behaviour of Jˆ at
earlier times, and that the range of this memory effect
is κ−1+ . We can solve for the spin dynamics during this
short interval to a good approximation by ignoring the
effects of g, as
Jˆ(t− τ) = eiB·Jˆτ
(
Jˆ(t) +O(gτ)
)
e−iB·Jˆτ . (17)
As long as τ is at most ∼ κ+, we can drop the O(gτ)
term as it is proportional to the small parameter
η = 2g/κ+. (18)
With this approximation, the solution for cˆ+(t) takes
the simpler form:
cˆ+(t) = e
− 12κ+tCˆ0 + ζˆ(t) + iηJˆc(t) +O(η)
2
. (19)
Here, the non-Hermitian operator Jˆc is linear in the com-
ponents of Jˆ , and given by
Jˆc =
[
BxB +
κ+
2 e+ ×B +
(κ+
2
)2
e+(κ+
2
)2
+B2
]
· Jˆ . (20)
The initial transient behaviour of cˆ+ is described by
Cˆ0 = cˆ+(0)− iηJˆc(0).
Equation (19) implies that the primary mode (and its
output optical field) will be sensitive to components of
Jˆ in a manner that depends on both B and κ+. In
the extreme Markovian limit κ+  B we find Jˆc → Jˆ+,
implying that the cˆ+ is able to measure both transverse
components of our effective spin. In contrast, in the limit
B  κ+, the cˆ+ mode is only able to respond to the
non-rotating component of the spin, and hence Jˆc →
(Bx/B)eB · Jˆ .
It is also instructive to consider the dynamics in terms
of the reduced density matrix describing the spin. The
interaction picture density matrix is defined in terms of
the Schro¨dinger-picture density matrix ρˆJ = Trcˆ+ [ρˆ] via
ρ˜J(t) = e
−iB·JˆtρˆJ(t)eiB·Jˆt. (21)
We again consider the g  κ+ limit, and derive a weak-
coupling master equation, retaining terms to leading or-
der in η. For simplicity, we also consider the typical limit
where B  (ηg = 2g2/κ+), allowing us to drop rapidly
oscillating terms (i.e. make a secular approximation).
We use Jˆ‖ = eB · Jˆ to denote the projection of the
spin along the axis of the effective magnetic field B , and
use Jˆ ′± to denote raising and lowering operators for Jˆ‖.
Defining D[aˆ]·ρˆ = aˆρˆaˆ†− 12
(
aˆ†aˆρˆ+ ρˆaˆ†aˆ
)
as the standard
Lindblad superoperator, we find
˙˜ρJ = i
[
ρ˜J , Hˆ1
]
+(
ΓϕD
[
Jˆ‖
]
+ Γ+D
[
Jˆ ′+
]
+ Γ−D
[
Jˆ ′−
])
· ρ˜J .
(22)
This has the form of a standard master equation for a spin
coupled to a bath. The first term describes a modification
of the coherent dynamics, described by
Hˆ1 =
g2B
B2+
(κ+
2
)2 [BzB Jˆ‖ − B2+B2z2B2 (Jˆ2 − Jˆ2‖)]. (23)
The remaining terms describe dephasing (rate Γϕ), and
spin raising / lowering transitions along the axis eB (rates
Γ±). The dissipative rates are
Γϕ =
B2x
B2
4g2
κ+
, Γ± =
(B ±Bz)2
2B2
g2κ+
B2 +
(κ+
2
)2 . (24)
Note that unless Bz = B, the vacuum noise driving
the aˆ+ mode is able to cause spin flips upwards in en-
ergy: this is possible because we are strongly driving the
aˆ+ mode, and can be viewed as being analogous to the
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FIG. 2. Behavior of the average of the effective spin, 〈Jˆ〉,
as a function of time, for the ideal case where γ = κ− =
0. The dynamics described by Eqs. (22) to (24) corresponds
to standard Markovian dissipative behaviour of a spin in an
applied field. Here, τmeas = κ+/g
2, and for all plots g = 0.1κ+
and G/δΩ = 0.75. For (a)-(b), nb = 1 and B =
√
4G2 + δΩ2
varies, while for (c) B = κ+ and nb varies. (a) Dephasing, i.e.
decay of transverse Jˆ⊥ = ey · Jˆ component of the spin. The
dephasing rate Γ−1ϕ is largely independent of B (c.f. Eq. (24)).
(b-c) Relaxation of the parallel spin component Jˆ‖ = eB · Jˆ .
While the relaxation rate is sensitive to B, the steady state
value of Jˆ‖ is not, but is instead largely determined by the
size of the spin (and hence the initial phonon number). Bold
dots in (b) mark the point 1
2
(Γ+ + Γ−)t = 1 (c.f. Eq. (24)).
phenomenon of “quantum heating” [33–35]. Note also
that we always assume that the drive frequency ωc − J
is much larger than G, |δΩ|.
From Eq. (22) we find that the steady state of the spin
is simply a thermal state,
ρ˜J → eBJˆ‖/Teff/Tr
[
eBJˆ‖/Teff
]
(25)
with an effective temperature
B/Teff = 2 ln
(
B +Bz
B −Bz
)
. (26)
Again, unless Bz = B, the steady state will not corre-
spond to the spin being in its ground state (due to the
previously mentioned quantum heating physics). Note
that in the case where the effective field is completely in
the x direction (i.e. the detuning δΩ vanishes), our mas-
ter equation describes an effective infinite temperature,
and the spin will be completely depolarized in the steady
state.
Figure 2 illustrates the dissipative spin dynamics de-
scribed above (see Appendix C for details on numerics).
D. QND nature of the measurement
As Nˆtot is a conserved quantity, it is clear that our
protocol allows for a QND measurement of Nˆtot: this
quantity commutes with the system Hamiltonian, even
when we include the coupling κ+ to the input-output
port used for the measurement.
Perhaps less obvious is that this also corresponds to
a QND measurement of the phonon number in the me-
chanics. As already discussed, when the control drive is
first turned on, the value of Nˆtot corresponds to the initial
mechanical phonon number nˆb. For a true QND measure-
ment of phonon number, one would like the final phonon
number to return to this value after the measurement
is complete. This is easily achieved by turning off the
large control drive applied to the primary mode. Once
this drive is off, G = 0, the nonlinear interaction (last
term in Eq. (6)) keeps acting until nˆb = Nˆtot, i.e. until
all the original phonons are returned to the mechanical
resonator.
IV. DESCRIPTION OF THE MEASUREMENT
OUTPUT
A. Homodyne measurement and measurement
time in the absence of spurious dissipation
Having discussed its dynamics, we now turn to how
information on the spin system (and hence the initial
photon number) emerges in the output field leaving the
primary phononic mode cˆ+. Eq. (19) tells us that the
output field will be sensitive to particular components
of the spin vector Jˆ . Recall that in our original lab
frame, the primary mode is driven at its resonance fre-
quency ω+ = ωc − J . Information on our effective spin
will be optimally encoded in one quadrature of the pri-
mary mode output field. We thus consider a homodyne
measurement which directly probes this optimal output
field quadrature, again starting with the ideal case where
γ = κ− = 0.
From standard input-output theory (and working in
the interaction picture defined by Eq. (5)), the cavity
output field leaving the + mode is given by
cˆout(t) = cˆin(t)−√κ+cˆ+(t), (27)
and the phonon number can be obtained from measuring
an output quadrature,
Xˆαout(t) =
(
eiαcˆout(t) + e
−iαcˆ†out(t)
)
/
√
2, (28)
where the angle α parameterizes the choice of quadrature.
Using the result in Eq. (19), we find that the average
value of this output quadrature is given by:
〈Xˆαout(t)〉 =
√
8g2
κ+
Im
[
eiα〈Jˆc(t)〉
]
. (29)
6In the steady state, our spin relaxes to a thermal state,
and in general the value of 〈Jˆc(t)〉 will be non-zero and
reflect the overall size of the spin. It will thus be related
to the initial mechanical phonon number, as illustrated
in Fig. 3.
One finds from Eqs. (20) and (25) that in the steady-
state 〈Jˆc(t)〉 is purely real, implying that the optimal
choice of quadrature corresponds to an angle α = pi/2.
This corresponds to measuring the phase quadrature of
the output light leaving the primary mode.
The simplest way to extract the phonon number is to
first turn on the measurement by driving the primary
photonic mode, and then integrating the output homo-
dyne current (which is proportional to Xˆαout) for a time
t. For sufficiently long integration times, the signal of
phonon number in the average homodyne current will
be resolvable above the noise. For weak couplings, the
noise in the homodyne current is simply due to vacuum
noise and is Gaussian. As a result, standard calculations
[14, 30] indicate that the mechanical Fock state nˆb = n+1
can be distinguished from Fock state nˆb = n when the
measurement time is sufficiently long, namely
t > −1
(
1
jn
)2
τmeas (30)
where
τmeas = κ+/g
2. (31)
and the prefactor is determined by
jn = 4Im
[
eiα
(
〈Jˆc(t→∞)〉nb=n+1
− 〈Jˆc(t→∞)〉nb=n
)]
.
(32)
As one can see from Fig. 3, for a broad range of G/δΩ,
the prefactor 1/j2n is of order unity, and the timescale of
the measurement is set by τmeas as given in Eq. (31).
We stress that the time scale required to distinguish
between different mechanical Fock states in our setup is
parametrically shorter than that obtained in the proposal
of Ludwig et al. [18]. Their scheme requires a measure-
ment time which scales as t ∼ (δΩ/G)2τmeas to resolve
two adjacent Fock states. However, the setup requires
an interaction that is sufficiently non-resonant such that
hybridization of phonons and photons is weak, and such
that a perturbative treatment is applicable. In practice,
this requires both the conditions g  |δΩ| and G |δΩ|,
yielding a measurement time which scales inversely with
a small parameter. Our approach is not constrained in
the same way, and can operate much closer to perfect
resonance, where G ∼ |δΩ|. As a result, for the same
value of g, our approach yields greatly enhanced mea-
surement speed. This in turn implies that an equally
rapid measurement can be achieved with a smaller op-
tomechanical coupling: where Ludwig et al. use g = 3κ+
to resolve phonon number states after t = 50κ−1+ (see
Ref. 18 Fig. 3), Eq. (31) implies our shelving protocol
could do the same in a system where g = 0.3κ+.
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FIG. 3. Steady-state value of 〈Jˆc〉 as a function of G/δΩ. As
seen in Eq. (29), it is proportional to the amplitude of the
measurement output. G is the many-photon optomechanical
coupling, and δΩ is the mismatch between the mechanical
frequency and the photonic mode splitting. In the spin map-
ping, 2G/δΩ = Bx/Bz. Different curves correspond to differ-
ent initial phonon numbers nb. The steady-state value of 〈Jˆc〉
is sensitive to phonon number for a wide range of G/δΩ. All
curves correspond to the case where there is no spurious dis-
sipation, γ = κ− = 0, and the limit
√
4G2 + (δΩ)2  g2/κ+.
Note that while 〈Jˆc(t)〉 is generally complex, it is real in the
steady state.
B. Optimal parameters
Our system has a fairly large number of tunable pa-
rameters. In particular, both non-zero components of the
effective field B = (G, 0, δΩ) can be selected for optimal
performance. We remind the reader that G is the many-
photon coupling strength and δΩ the mismatch between
the mechanical frequency and photonic mode splitting.
A key parameter to optimize the size of the signal in
the long-time homodyne current which encodes the ini-
tial phonon number. From Eq. (29), this is directly deter-
mined by the steady-state value of 〈Jˆc〉. In steady state,
we obtain from Eqs. (20) and (25),
〈Jˆc〉 → Bx
B
〈〈Jˆ‖〉〉Teff (33)
where 〈〈Jˆ‖〉〉Teff is the thermal average of Jˆ‖ = eB · Jˆ
taken at a temperature Teff given by Eq. (26).
It follows from these expressions that to have an ap-
preciable signature of the phonon number in the steady-
state value of 〈Jˆc〉 we need Bx and Bz to be comparable.
A finite value of Bx (i.e. many-photon coupling G) is
needed to ensure that the steady state has a transverse
component that can be detected by the primary photonic
mode, as this mode couples to Jˆ+. A non-zero value
of Bz (i.e. mismatch between mechanical frequency and
photonic mode splitting) is needed so that the effective
temperature describing the steady-state is finite and the
spin is not in a completely depolarized state.
To make the above discussion more concrete, consider
the simple case where we have one phonon intially, and
7our effective spin corresponds to a spin 1/2. There,
〈Jˆc(t→∞)〉nb=1 =
BxBz
B2 +B2z
=
GδΩ
2G2 + δΩ2
. (34)
Figure 3 shows the steady state value of 〈Jc〉 for other
values of initial phonon number. We find the optimal
ratio, for a system with one or a few initial phonons, is
G/δΩ ≈ 3/4. (35)
While the steady-state homodyne signal is not sensitive
to the size of B (but rather only to the ratio Bz/Bx),
the overall magnitude of the effective field is nonetheless
important to our scheme. If B  κ+, then it follows
from Eqs. (22) and (24) that the relaxation of the spin to
its steady state is greatly suppressed. In this limit, there
is simply very little density of states in the primary +
mode for transitions that involve changing the energy of
our spin. We find that it is generally optimal to have the
spin reach the steady state on a time scale much shorter
than τmeas, requiring B  κ+. That is, one should avoid
the many-photon optomechanical strong coupling regime.
Finally, to have the simple shelving dynamics depicted
in Fig. 1b, the coherent oscillations between c− and
b should be underdamped, leading to the requirement
(G ∼ B)  g2/κ+. This condition is easy to meet in
experiment given the typical weakness of single-photon
optomechanical coupling strengths. Putting these con-
ditions together, we find that the optimal regime for
phonon number measurement requires:
g2/κ+ 
(
B =
√
G2 + (δΩ)2
)
 κ+. (36)
An alternative approach to the measurement which re-
sults in faster measurement rates but is more complicated
to implement experimentally is discussed in Appendix B.
C. Resolving Fock states
We next present numerical results for the measurement
output of our scheme based on simulations of the full
master equation dynamics, including cˆ+. We construct
an estimator for phonon number from the integrated ho-
modyne current:
nˆmeasb (t) ≡[√
8g2
κ+
GδΩ
2G2+δΩ2
]−1
·
(
1
t
∫ t
0
dτXˆ
pi/2
out (τ)
)
,
(37)
This estimator has been constructed so that at long times
〈nˆmeasb (t)〉 →
{
nb,init nb,init = 0, 1
f [nb,init]nb,init nb,init ≥ 2
(38)
where nb,init is the initial phonon number, and f [n] can
be calculated from the effective temperature above, and
goes to
[
2GδΩ
2G2+δΩ2
]−1
for n→∞.
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FIG. 4. Behavior of the estimated photon number nmeasb (t)
as a function of integration time t. The estimator, obtained
from the time-integrated homodyne current, is described in
Eq. (37), and time is given in units of τmeas = κ+/g
2. Curves
correspond to the mean value of the estimator, shaded regions
correspond to the standard deviation. Different curves corre-
spond to different initial mechanical phonon numbers. One
sees that different initial mechanical phonon numbers become
distinguishable on a time scale proportional to τmeas. Param-
eters correspond to g = 0.01κ+, G = 0.1κ+, δΩ = 0.13κ+, and
to the ideal case where γ = κ− = 0.
The behavior of the measurement output, expressed
in terms of the phonon number estimator nˆmeasb (t), are
presented in Fig. 4, again for the ideal case of γ = κ− = 0.
As expected from our analysis, different phonon numbers
are clearly resolvable after an integration time on the
order of τmeas. The details of these numerical calculations
are given in Appendix C.
Note that in this ideal situation where there is no spu-
rious dissipation, the resolving power of our measurement
continues to increase indefinitely as the integration time
t is increased. This reflects the shelving nature of the
dynamics. We now go on to address the additional limi-
tations placed by unwanted dissipation.
V. SPURIOUS DISSIPATION: MECHANICAL
AND AUXILIARY MODE LOSSES
Our analysis so far has treated the ideal case, where
the only dissipation is the necessary coupling between the
primary photonic mode and the waveguide (or transmis-
sion line) used to collect the output field which serves as
the measurement record. This idealized analysis gives a
useful picture for understanding the more realistic exper-
imental case where there is also mechanical dissipation
(damping rate γ) and damping of the auxiliary mode
(damping rate κ−).
All three forms of spurious dissipation (mechanical
loss, mechanical heating, auxiliary mode loss) cause the
quantity Nˆtot to change, disrupting the shelving physics
that is at the heart of our scheme. If spurious dissipa-
tion changes Nˆtot, the simple correspondence between the
measurement record and the initial mechanical phonon
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FIG. 5. Behavior of the estimated photon number nmeasb (t) as a function of integration time t when spurious dissipation is taken
into account. As in Fig. 4, the estimator is described in Eq. (37), and time is in units of τmeas = κ+/g
2. Curves correspond to
the mean value of the estimator and shaded regions correspond to the standard deviation. Insets show the behavior of 〈Nˆtot〉
over the same range of times. We consider parameters where mechanical dissipation is the key limit to the scheme; as such, the
relevant parameter is the single-photon cooperativity C1 = 4g
2/κ+γ. When spurious dissipation is negligible (left), 〈Nˆtot〉 is
nearly conserved and different initial mechanical phonon numbers nb are easily resolved if we integrate on a time scale longer
than τmeas. When spurious dissipation is relevant but sufficiently small, the integrated homodyne current can still be used to
determine the initial phonon number nb at intermediate times. At longer times, the mechanical system begins to relax into
a thermal equilibrium independent of its initial state. If the rate of spurious dissipation is too fast (right) the system relaxes
before differences in nb are resolvable. Parameters used are g = 0.1κ+, G = 0.1κ+, δΩ = 0.13κ+, κ− = 10−4κ+, nth = 100 and
γ varies. The details of the numerical integration are given in Appendix C.
number is lost. Focusing on small initial phonon num-
bers, the fastest rate at which such spurious processes oc-
cur is given by max[κ−, γ(2nth + 1)]. Thus, one requires
that the measurement essentially occur on a timescale
much shorter than the inverse of this rate. This trans-
lates to the condition(
τ−1meas =
g2
κ+
)
 max[κ−, γ(2nth + 1)]. (39)
In Fig. 5 we show the results of detailed master equa-
tion simulations including all forms of spurious dissipa-
tion which show this intuitive understand is correct.
It is interesting to consider two relevant limits of the
condition in Eq. (39). In the case where κ− is much faster
than the mechanical heating γ(2nth + 1), the condition
reduces to g2  κ+κ−. This is the same constraint that
limits other proposals for measuring phonon number in
two-cavity optomechanical systems [15, 18].
given recent progress in constructing two-mode op-
tomechanical systems with extremely low auxiliary-
cavity dissipation [21], it is worth considering the op-
posite limit, where γ(2nth + 1) dominates. In this case,
our condition reduces to(
C1 =
4g2
κ+γ
)
 2nth + 1. (40)
where we have introduced the single-photon cooperativ-
ity C1. This regime is illustrated in Fig. 5. Numerically,
we find the requirement is C1 & 100(2nth + 1) to distin-
guish between the vacuum state and a single phonon, if
the mechanics are the dominant source of spurious dissi-
pation.
VI. OUTLOOK
We have presented and analyzed a new approach for
QND phonon number measurement in quantum optome-
chanics, one which adapts the successful shelving strat-
egy used in trapped-ion systems. By considering regimes
where the driving of the photonic system is strong (and
not perturbative), we are able to obtain measurement
rates that are parametrically larger than previously con-
sidered approaches. At the level of theory, our approach
of mapping a bosonic problem onto a spin system could
be useful in more complex optomechanical systems where
there are again conserved quantities akin to the excita-
tion number Nˆtot in our system.
Our approach is most suited to systems where the
auxiliary (unmeasured) photonic mode has an ex-
tremely low dissipation rate; recent experiments on two-
cavity microwave-frequency optomechanical systems [22]
present a promising route to this regime.
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9Appendix A: Analogy with electron shelving
The shelving protocol, pioneered by Hans Dehmelt
[23–25], is a form of QND measurement of the state of
two-level atomic system. Given an ion in its ground
state (|g〉) or a metastable excited state (|e〉), the pro-
tocol makes use of a short-lived auxiliary state (|a〉). By
applying a resonant laser drive we induce Rabi oscilla-
tions between |g〉 and |a〉; this is accompanied by the
spontaneous decay process |a〉 → |g〉. The detection of
photoemission in the appropriate wavelength is then con-
firmation that the atom is not in the excited state |e〉.
However, throughout the process, the atom cannot be
said to be in the original ground state |g〉. Instead it
is in some hybrid state of |g〉 and |a〉. This process is
sketched out in figure Fig. 6a.
Notice that the rate of spontaneous emission is low,
and distinguishing the signal from the noise requires a
prolonged measurement similar to what is discussed in
Section IV. Thus the original shelving protocol also con-
stitutes a weak measurement.
The analogy to our measurement scheme is most direct
in the case where we are trying to distinguish an initial
mechanical phonon number of nˆb = 0 or nˆb = 1. Here,
the system is originally in the state |1, 0〉 or |0, 0〉 (where
|nb, nˆ−〉 denotes a Fock state with the respective num-
ber of phonons and auxiliary photons). The application
of the drive G generates Rabi oscillations between |1, 0〉
and |0, 1〉, while a decay process allows the relaxation
|0, 1〉 → |1, 0〉 with emission of a primary photon, first
into the cavity and then out of it through the dissipa-
tion channel κ+. By detecting these emitted photons, we
can determine the initial phonon number. This process
is sketched out in figure Fig. 6b.
Our scheme takes the basic shelving concept further,
allowing one to distinguish between multiple possible val-
ues of nˆb while remaining non-destructive. As discussed
in the text, information on the phonon number is encoded
in the rate at which emitted photons are produced.
Appendix B: Optimized measurement prototocol
As discussed in Section IV B, phonon number measure-
ment in the steady state is subject to two conflicting con-
straints: the magnitude of 〈Jˆ〉 is proportional to Bz/B
while the measurable cavity field is coupled to the trans-
verse components, cˆ+ ∼ 〈Jˆ+〉 ∼ Bx/B
∣∣∣〈Jˆ〉∣∣∣.
These competing requirements on the effective field
can be avoided by arranging parameters so that the sys-
tem has a long relaxation time, and performing the mea-
surement in the transient period before a steady state
is reached. We can then align the spin entirely along
the axis of measurement and increase the magnitude of
the cavity field. As we have seen in Eq. (24), a long re-
laxation time is achieved in the regime B  κ+. We
therefore suggest the following protocol:
|gi
|ei
|ai
 
(a) Shelving in ions
     nb = 0n  = 0
 
     nb = 1n  = 0
 
     nb = 0n  = 1
 
cˆ+
(b) Shelving in optomechanics
FIG. 6. The electronic shelving protocol, in ions [25] and
in our optomechanical system. (a) In Ref. 24, when dealing
with laser cooled Ba+, the long-lived states are |g〉 = 62S 1
2
and |e〉 = 52D 5
2
, while the auxiliary modes are the short-lived
|a〉 = 62P 5
2
, 52D 3
2
. The thick line represents the driving lasers
while the dashed line represents decay with photoemission.
(b) The same diagram represents the optomechanical system
for Nˆtot = 0, 1. Here, the thick lines represents the driving
G while the dashed line represents decay with emission of a
primary photon.
1. The system is set up with some large energy
mismatch δΩ & κ+. This ensures a slow re-
laxation to the steady state once the primary
mode drive is turned on, the relevant rates being
Γ± ∼ (κ+/B)2τ−1m .
2. With the driving turned off, G = 0, the mechanics
are prepared in their initial state. As discussed in
Section II, the auxiliary mode remains at zero pop-
ulation in the absence of driving. This corresponds
to the spin pointing along ez.
3. We then ramp up the primary mode drive semi-
adiabatically, until G  δΩ. In the spin language,
we increase the Bx component until the effective
field is nearly parallel with ex.
4. If the driving is increased sufficiently slowly, the
spin itself will track the direction of the field and
finally point along ex. We make use of the separa-
tion of scales to ramp over a time tramp such that
B−1  κ−1+  tramp  τmeas. (B1)
5. Finally, we perform a homodyne measurement as
described in Section IV. Here we use the estimator
nˆmeasb (t) ≡
[√
2g2
κ
]−1
·
(
1
t
∫ t
0
dτXˆ
pi/2
out (τ)
)
. (B2)
This procedure is illustrated in Fig. 7. We see that the
required measurement time is about three times shorter
for this set of parameters.
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FIG. 7. QND mechanical phonon number measurement using
the alternate measurement protocol discussed in Appendix B.
(a) The measurement protocol. At time t = 0 the system is
initiated in a pure state. From time 0 < t < (tf = 0.1τmeas),
the driving is ramped up, with G(t) = Gf/100
1−t/tf . We
then keep G fixed and the measurement protocol outlined in
Section IV is performed. (b-c) Behavior of the spin system.
Initially, with δΩ  G, the spin is aligned along ez. When
the driving is ramped up semi-adiabatically, the direction of
the spin rotates with it to point along ez. At a later time,
t ∼ (Γ+ + Γ−)−1 (see Eq. (24)), the magnitude of the spin
decays into its steady state value. (d) The phonon number
estimator as a function of time during the measurement. This
plot corresponds to the gray shaded area on the left. Curves
correspond to the mean value of the estimator, and shaded
regions correspond to the standard deviation. The different
phonon numbers can be differentiated about three times faster
than in Fig. 4. The time is in units of τmeas = κ+/g
2. The
parameters used here are g = 0.01κ+, δΩ = κ+, Gf = 5κ+
and with no spurious dissipation, κ− = γ = 0. Details about
the numerical calculation are given in Appendix C.
Appendix C: Details of Numerical Simulations
The numerical calculations presented throughout this
work are the results of full master equation treating each
of the three bosonic modes in our system:
˙ˆρ = i
[
ρˆ, Hˆeff
]
+ κ+D[cˆ+] · ρˆ+ κ−D[cˆ−] · ρˆ
+
[
γ(nth + 1)D[bˆ] + γnthD[bˆ†]
]
· ρˆ,
(C1)
where Hˆeff is given in Eq. (6) and
D[aˆ] · ρˆ = aˆρˆaˆ† − 12
(
aˆ†aˆρˆ+ ρˆaˆ†aˆ
)
(C2)
is the standard Lindblad superoperator.
The numerical simulations were performed using
QuTiP [36]. We truncated the Hilbert space to
cˆ†+cˆ+ = 0, 1, 2, and to 0 ≤ Nˆtot ≤ 6 for simulations in-
volving spurious dissipation (truncation is not needed if
κ− = γ = 0). We then solved the eigenvalue problem
defined by Eq. (C1) and calculated ρˆ(t) at any time as a
sum of exponentials.
The initial state in all cases was ρˆ(0) = |ψ0〉〈ψ0| where
bˆ†bˆ|ψ0〉 = nb|ψ0〉 cˆ±|ψ0〉 = 0. (C3)
To simulate the driving of the primary mode, the pa-
rameter G is initially ramped from zero to its final value.
For Figs. 4 and 5 we ramp G linearly over a time span
of κ−1+ , while in Fig. 7 we increase it exponentially as ex-
plained in the figure caption. Experimentally these be-
haviors can be achieved using pulse-shaping techniques.
The standard deviations plotted are given by
∆nmeasb (t) =
√
〈(nˆmeasb (t))2〉 − 〈nˆmeasb (t)〉2. (C4)
They were calculated using the quantum regression the-
orem [29], taking into account the full dynamics of the
system and not just cavity vacuum noise.
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